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Quantum description of electromagnetic fields in waveguides
Akira Kitagawa∗
Faculty of Education, Kochi University, 2-5-1 Akebono-cho, Kochi 780-8520, Japan
Using quantum theory, we study the propagation of an optical field in an inhomogeneous dielec-
tric, and apply this scheme to traveling optical fields in a waveguide. We introduce a field-atom
interaction Hamiltonian and derive the refractive index using quantum optics. We show that the
transmission and reflection of optical fields at an interface between different materials can be de-
scribed with normalized Fresnel coefficients and that this representation is related to the beam
splitter operator. We then study the propagation properties of the optical fields for two types of
slab waveguides: step-index and graded-index. The waveguides are divided into multiple layers to
represent the spatial dependence of the optical field. We can evaluate the number of photons in
an arbitrary volume in the waveguide using this procedure. Using the present method, the quan-
tum properties of weak optical fields in a waveguide are revealed, while coherent states with higher
amplitudes reduces to representation of classical waveguide optics.
PACS numbers: 03.70.+k, 42.50.Ct, 42.81.Qb
I. INTRODUCTION
Currently, optical technology plays an important role
in communication. To achieve long-distance communica-
tion, signals are transmitted through optical waveguides,
which typically consist of silica-based glass.
The optical waveguide is a device used to achieve free
propagation along its long axis and a confinement over
its cross-section. Conventional optical waveguides con-
sist of a core and cladding and can confine optical fields
in the core because of the difference in indices. These op-
tical waveguides are classified into two types: step-index
(SI) and graded-index (GI). In particular, a waveguide of
concentric structure is referred to as an optical fiber.
Conventionally, it is assumed that optical signals ex-
hibit a certain amount of intensity in a waveguide, and
the mathematical structure of the SI and GI waveguides
has been very well studied within classical waveguide op-
tics [1, 2]. In addition, protocols using quantum inter-
ference among weak optical signals, referred to as quan-
tum protocols, have recently been proposed [3, 4]. In
these protocols, optical signals should be described using
quantum optics. The optical waveguide is also consid-
ered an important device for long-distance propagation
in quantum protocols, such as in quantum cryptography
[5, 6].
Optical fields in a waveguide interact with dielectrics,
and the interaction causes an effective decrease in light
speed; this effect is phenomenologically introduced by a
refractive index that is typically greater than or equal to
unity. This process is discussed semi-classically in [7, 8].
Thus far, however, the quantization of optical waves trav-
eling in a waveguide has not been discussed adequately.
One of the few exceptions is the study in [9]. In this
study, boundary effects in the waveguide were neglected,
implying that the optical wave was assumed to travel
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along the core in a straight line. This assumption corre-
sponds to a single-mode waveguide case. Strictly speak-
ing, however, the optical wave in a waveguide shows spa-
tial distribution over the cross-section, and the propaga-
tion property of the optical field is generally determined
by the boundary condition at the interface between the
core and cladding. In this sense, the spatial dependence
of the optical field should also be considered when study-
ing optical waveguides within quantum optics.
In this research, we study the propagation of the op-
tical field in a dielectric such as silica-based glass from
a quantum optics perspective and assume that the opti-
cal field is in a coherent state to allow comparison with
the classical waveguide optics. First, we treat both the
optical field and atom quantum theoretically and intro-
duce an interaction Hamiltonian between them. Using
quantum optics, we show that the refractive index can
consistently be described as in a coherent state and that
the electromagnetic field can be represented by this re-
fractive index.
We also study transmission and reflection of optical
fields at an interface between different materials. These
properties are described by Fresnel coefficients in classical
optics [8], where, to satisfy the energy conservation law,
the transmission coefficient is corrected by a factor that
include refractive indices [10, 11]. Here as an alternative,
we normalize electromagnetic fields and introduce nor-
malized Fresnel coefficients. We show that this scheme
is consistent with the representation of the beam splitter
operator [12].
Following this, we discuss the propagation properties
of optical fields in optical waveguides for SI and GI types.
In both cases, the waveguides are divided into multiple
layers, and the electromagnetic fields in each layer are de-
scribed. This multi-layer division method enables us to
represent the spatial dependence of the optical fields us-
ing quantum optics. Electromagnetic fields in adjacent
layers are associated with each other using normalized
Fresnel coefficients, and various propagation properties
of the waveguides are studied. Here, we focus our at-
2tention on the linear properties of optical waveguides.
We describe the quantum properties of optical fields in a
waveguide for weak coherent states, while coherent states
with higher amplitudes are reduced to a description in
classical waveguide optics.
The rest of this paper is organized as follows. In Sec.
II, we describe the propagation of the optical field in a
dielectric. In Sec. III, from a quantum optics perspective,
we consider the transmission and reflection of the optical
fields at an interface between different materials. In Sec.
IV, we study the propagation properties of the optical
field in SI and GI optical waveguides. Section V presents
the summary. Detailed derivations of the mathematical
formulae used are presented in the appendices.
II. PROPAGATION OF THE OPTICAL FIELD
IN A DIELECTRIC
A. Interaction-free Hamiltonian
Let us start with the vector potential as follows:
Aˆl =
√
h¯
2ωε0V
{
aˆ†l exp[i(ωt− kl · r)]
+aˆl exp[−i(ωt− kl · r)]
}
el, (1)
where ω and ε0 are the frequency of the optical field
and the permittivity in vacuum, respectively, and V =
LxLyLz is a unit volume, which is given later. The opera-
tors aˆ†l and aˆl are the creation and annihilation operators
in a mode l, respectively, and they satisfy the commuta-
tion relation
[aˆl, aˆ
†
l′ ] = δll′ . (2)
The vectors kl and el are perpendicular to each other
and are related to the wave vector and direction of po-
larization, respectively. For consistency with the later
part, we employ kl = κlex+βlez and el = ey. The mag-
nitude of the vector kl corresponds to the wave number
in vacuum:
|kl| =
√
κ2l + β
2
l = kl. (3)
Considering the Coulomb gauge, we can obtain the
electromagnetic fields thus
Eˆl = −∂Aˆl
∂t
= −i
√
h¯ω
2ωε0V
[U∗tzaˆ
†
l exp(−iκlx)
−Utzaˆl exp(iκlx)]ey , (4a)
Hˆl = µ
−1
0 (∇× Aˆl)
= − i
µ0
√
h¯
2ωε0V
[U∗tzaˆ
†
l exp(−iκlx)
−Utzaˆl exp(iκlx)](−βex + κlez),(4b)
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FIG. 1. Field-atom interaction in an off-resonant regime. The
atom has two energy-levels, |g〉a and |e〉a, separated by fre-
quency ω0. The atom is initially in the lower energy state
|g〉a, then the primary coherent field with frequency ω(≪ ω0)
comes in. The atom is virtually excited for a short time then
soon de-excited. Via this interaction a secondary optical field,
with a phase-shift of almost pi/2, is generated in the same di-
rection as the primary field.
where
Utz = exp[−i(ωt− βlz)] (5)
is a temporal- and z-dependence. These electromagnetic
fields propagate at light speed in vacuum along a direc-
tion parallel to kl, say c.
For the interaction-free case, equivalent to propagation
in vacuum, the Hamiltonian is calculated using Eqs. (2),
(4a), and (4b) as follows:
Hˆl =
∫
V
(ε0
2
Eˆ2l +
µ0
2
Hˆ2l
)
dV
= h¯ω
(
aˆ†l aˆl +
1
2
)
(6)
Here, we can arbitrarily choose integration ranges along
the x- and y-directions, for example, for Lx = Ly = 1;
a periodic boundary condition along the z-direction is
considered.
Lz =
2pinz
βl
(nz = 1, 2, · · · ). (7)
B. Field-atom interaction Hamiltonian
Following on, we study the case where the primary op-
tical field interacts with an atom in a dielectric. The
schematic is shown in Fig. 1. As a result of this inter-
action, a secondary optical field is generated in the same
direction as the primary field [8]. The modes of the pri-
mary and secondary fields are distinguished with indices
l = p, s, respectively, and we have
kp = ks = κex + βez. (8)
We assume that the atom has two discrete states |g〉a and
|e〉a separated by a frequency ω0, and that the atom is
initially in the lower state |g〉a. The free Hamiltonian of
the optical fields is represented by Eq. (6) with l = p, s
3and that of atom is given by [13]
Hˆa = h¯ω0
2
σˆz, (9)
where σˆz is a component of the Pauli spin-
1
2 operator
satisfying
σˆz |e〉a = |e〉a, (10a)
σˆz |g〉a = −|g〉a, (10b)
and let the total free Hamiltonian be
Hˆ0 = Hˆp + Hˆs + Hˆa. (11)
We also assume that
∆ω ≡ ω0 − ω ≫ 0. (12)
In this off-resonant situation the atom can be virtually
excited in a short time permitted by the uncertainty re-
lation,
∆τ ∼ 1
∆ω
. (13)
The atom is quickly de-excited, and it reverts to the |g〉a
state. We assume that the primary optical field is in a
coherent state |α〉p, and the initial state can be described
as
|ψi〉 = |α〉p|0〉s, (14)
where the atomic state is not displayed because it remains
at |g〉a before and after interaction.
Hereafter, we employ an approximation rule through-
out this paper: small terms of the first order are included,
while those of the second or higher orders are ignored.
Regarding the interaction as a perturbation, we can write
the effective interaction Hamiltonian in the interaction
picture as follows (see Appendix A):
Hˆeff ≃ −h¯χ(aˆpaˆ†s + aˆ†paˆs), (15)
where χ is proportional to the square of the field-atom
coupling constant g given in Eq. (A2), and small terms
of second or higher orders are not shown according to the
approximation rule. The final state through the interac-
tion is
|ψf 〉 = exp
(
−iHˆeff
h¯
∆τ
)
|ψi〉 = |α〉p|iξ exp(iδ)α〉s,
(16)
where we used the relations in Appendix B and ξ = χ∆τ
is a small parameter. However, note that the leading
term of the secondary mode is a small term of the first
order, and that one of the second order should be consid-
ered here. It appears as a small phase δ that should be
kept, even in the present approximation rule. This small
phase, however, has no effect on the result because it dis-
appears by multiplication with another small parameter.
We can also see from Eq. (16) that the primary optical
field is not attenuated at all within this approximation
rule.
C. Expectation value of the composite field
The primary and secondary optical fields spatially
overlap after the interaction. In the following discussion
we study just the electric field but it is valid for both the
electric and magnetic fields. We introduce the composite
electric field as
Eˆc = Eˆp + Eˆs, (17)
where the suffix c means a composite field. We obtain the
expectation values of the optical field after the interaction
with Eq. (16)
E1 = 〈ψf |Eˆc|ψf 〉 = Ep + ξEs, (18)
where
El = −i
√
h¯ω
2ε0V
[U∗tzα
∗
l exp(−iκx) exp(−iφl)
−Utzαl exp(iκx) exp(iφl)]ey, (19a)
φl =
{
0 (l = p)
pi
2 + δ (l = s)
. (19b)
Here the suffix 1 in the left-hand side of Eq. (18) means
that the interaction with an atom occurs once, and we
also considered the relations [14] as follows:
exp(iθaˆ†l aˆl)|α〉l = |α exp(iθ)〉l, (20a)
exp(−iθaˆ†l aˆl)aˆl exp(iθaˆ†l aˆl) = aˆl exp(iθ) (20b)
for an arbitrary real number θ. In practice, both Ep and
Es propagate at light speed in vacuum, and have a com-
mon spatial period. However, the phase of the secondary
field is delayed by almost pi/2 compared with that of the
primary. Therefore, these two fields destructively inter-
fere with each other and a composite field, E1 with a
spatial period identical to Ep and Es, is generated. Let
the composite electric field be
E1 = −iA
√
h¯ω
2ε0V
[U∗tzα
∗ exp(−iκx) exp(−iδφ)
−Utzα exp(iκx) exp(iδφ)]ey (21)
with a constant A and a small phase δφ.
Comparing Eqs. (18) and (21), we find A = 1 and δφ =
ξ within the present approximation rule. This means that
the amplitude of the composite field can be regarded as
identical to the primary one and that the phase of the
composite field is, when compared with Ep, delayed by
ξ after the interaction with the atom. By substituting
these parameters into Eq. (21), we obtain
E1 = −i
√
h¯ω
2ε0V
{α∗ exp(iωt) exp[−i(k0r + ξ)]
−α exp(−iωt) exp[i(k0r + ξ)]}, (22)
where r = x cos θ + z sin θ and tan θ = β/κ.
The optical field repeatedly interacts with subsequent
atoms in the dielectric and the phase is delayed with each
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FIG. 2. Retardation in phase caused by field-atom interac-
tions. The secondary optical field with phase shifted is gen-
erated via an interaction, and the composition of the primary
and secondary fields results in a phase retardation. The opti-
cal field interacts successively withm atoms within the spatial
period of the primary field, and the wavelength of the compos-
ite field consequently becomes shorter than that of primary
by ∆λ.
interaction. We assume that the atoms are aligned in an
orderly manner at a distance d apart on the propagation
path of the optical field. We also assume that the optical
field interacts with m atoms within its spatial period and
that the phase is totally delayed by mξ (Fig. 2). The
total electric field is presented as
Em = −i
√
h¯ω
2ε0V
{α∗ exp(iωt) exp[−i(k0r +mξ)]
−α exp(−iωt) exp[i(k0r +mξ)]}. (23)
This successive retardation in phase makes the wave-
length of the composite field, say, λ′ shorter than that
of the primary field λ . For the difference in wavelength
∆λ = λ− λ′, we have
k0∆λ = mξ. (24)
Since from the assumption we find m = λ′/d, we can
obtain
λ′ =
λ
n
, (25)
where
n = 1 +
ξ
k0d
> 1 (26)
corresponds to the refractive index. From Eqs. (13), (A2)
and (A8), and with the relation k0 = ω/c, we can see
that n− 1 ∝ (∆ω)−2. This means that n is an increasing
function with respect to ω over the range ω ≪ ω0. This
property agrees with Sellmeier’s dispersion formula [15].
From Eq. (25), the wave number in the dielectric ac-
cordingly becomes k′0 = nk0. Since the frequency ω
stays unchanged during the interaction, we can regard
the propagation speed of the composite field in the di-
electric as c′ = c/n < c.
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FIG. 3. Interactions among electric fields at an interface be-
tween different materials. Electric fields j+ and j′− enter
with incident angles θj and θj′ , respectively, and those of j
′+
and j− exit. Widths of the optical beams in the areas j and
j′ are denoted by dj and dj′ , respectively.
So far, from the perspective of quantum optics, we have
described the refractive index as a parameter n that char-
acterizes the interaction between the optical field and the
dielectric. Henceforth, we study the propagation prop-
erty of the optical field in a dielectric using this parame-
ter.
III. QUANTUM TREATMENT OF THE
TRANSMISSION AND REFLECTION OF THE
OPTICAL FIELD
In this section, we study the transmission and reflec-
tion of the optical field at an interface between different
refractive indices from a quantum optics perspective.
A. Normalization of the Fresnel coefficients
We consider an interface with refractive indices nj and
nj′ . Two optical fields with indices j+ and j
′− enter
this interface from opposite sides with incident angles of
θj and θj′ , respectively, and interfere with each other. As
a result, another two optical fields of indices j− and j′+
exit the interface (Fig. 3). Here ’j+ ’ and ’j−’ denote
that the positive and negative x-component of the wave
vector in an area j, respectively.
We assume that the electric field is polarized in a
direction parallel to the interface, which is the y-axis
(TE mode), and that the wave vectors are given by
kj± = κjex ± βez and kj′± = κj′ex ± βez, with double-
sign in same order. Among the components of the wave
vectors, the relation
κ2i + β
2 = (nik0)
2 (27)
holds for i = j, j′. Note that the z-component values are
identical in all four optical fields according to Snell’s law.
5The electromagnetic fields, that is, Eˆj± and Hˆj±, are
given with double-sign notation as follows:
Eˆj± = −i
√
h¯ω
2ε0V
[U∗tzaˆ
†
j± exp(∓iκjx)
−Utzaˆj± exp(±iκjx)]ey , (28a)
Hˆj± = − i
µ0
√
h¯
2ωε0V
[U∗tzaˆ
†
j± exp(∓iκjx)
−Utzaˆj± exp(±iκjx)](−βex ± κjez),(28b)
Classical electromagnetic fields correspond to the expec-
tation values of the above operators when in a coherent
state, that is,
Ej± = j±〈αj±|Eˆj±|αj±〉j±, (29a)
Hj± = j±〈αj±|Hˆj±|αj±〉j±, (29b)
where aˆj±|αj±〉j± = αj±|αj±〉j± with double-sign nota-
tion.
In an ordinary procedure, tangential components of
electromagnetic fields must be continuous at the inter-
face [8]. We obtain Fresnel coefficients that are the ra-
tios of the amplitude of the transmitted or reflected elec-
tromagnetic fields to the incident ones. In this conven-
tional formulation, the energy density per unit time of
the input and output optical fields are not conserved at
the interface. This is because the following factors are
not considered; first, as stated in the previous section,
the ratio of the effective light-speed in areas j and j′ is
n−1j : n
−1
j′ , and second, the cross-section of the trans-
mitted optical field is different from that of the inci-
dent field due to refraction. The energy density is pro-
portional to the inverse of the cross-section. With a
unit length along the y-direction, thus the ratio of en-
ergy density is d−1j : d
−1
j′ = nj/κj : nj′/κj′ because
di ∝ cos θi = κi/(nik0) for i = j, j′. As a conse-
quence, the ratio of the energy density in areas j and
j′ is κ−1j : κ
−1
j′ per unit time. To conserve energy density
in the conventional procedure the transmission coefficient
is multiplied by a correction factor [10, 11].
Here we use another technique; normalization of the
electromagnetic field in area j by a factor κ
−1/2
j .
(Ej+)y + (Ej−)y√
κj
∣∣∣∣
x=ξjj′
=
(Ej′+)y + (Ej′−)y√
κj′
∣∣∣∣
x=ξjj′
,
(30a)
(Hj+)z + (Hj−)z√
κj
∣∣∣∣
x=ξjj′
=
(Hj′+)z + (Hj′−)z√
κ′j
∣∣∣∣∣∣
x=ξjj′
,
(30b)
where (Ej±)y and (Hj±)z are the y- and z-components
of operators Ej± and Hj±, respectively, and ξjj′ is the
position of the interface. Using electromagnetic fields
similar to Eqs. (4a) and (4b) and the wave vectors in-
troduced before, eigenvalues αj±, αj′± are related to the
normalized Fresnel coefficients as follows [16]:(
αj′+
αj−
)
=
(
t˜jj′ −r˜jj′
r˜jj′ t˜jj′
)(
αj+
αj′−
)
, (31)
where
t˜jj′ =
2
√
κjκj′
κj + κj′
, (32a)
r˜jj′ =
κj − κj′
κj + κj′
(32b)
and the phase factor exp(±iκjξjj′ ) is renormalized in the
operators of the area j, that is, αj± → αj± exp(∓iκjξjj′ ).
It is clear from Eqs. (32a) and (32b) that t˜2jj′ + r˜
2
jj′ = 1
holds.
Introducing |ψ〉 = |αj+〉j+|αj−〉j−|αj′+〉j′+|αj′−〉j′−,
which satisfies aˆi±|ψ〉 = αi±|ψ〉 for i = j, j′, we rewrite
Eq. (31) as follows:
〈ψ|
(
aˆj′+
aˆj−
)
|ψ〉 = 〈ψ|
(
t˜jj′ −r˜jj′
r˜jj′ t˜jj′
)(
aˆj+
aˆj′−
)
|ψ〉
= 〈ψ|Uˆjj′
(
aˆj+
aˆj′−
)
Uˆ†jj′ |ψ〉, (33)
where
Uˆjj′ = exp[ϑjj′ (aˆ†j+aˆj′− − aˆj+aˆ†j′−)], (34)
is the beam splitter operator (see Appendix B). Here,
ϑjj′ is a real parameter and is related to the normalized
Fresnel coefficients as tanϑjj′ = r˜jj′/t˜jj′ . The param-
eter ϑjj′ should be distinguished from the incident and
refraction angles, θj and θj′ . Equation (33) shows the
relation between the operators of the optical fields.
aˆj′+ = Uˆjj′ aˆj+Uˆ†jj′ , (35a)
aˆj− = Uˆjj′ aˆj′−Uˆ†jj′ . (35b)
The state after interference is obtained by transforming
Eq. (34).
|αj+〉j+|αj′−〉j′− → Uˆjj′ |αj+〉j′+|αj′−〉j−
= |t˜jj′αj+ + r˜jj′αj′−〉j′+| − r˜jj′αj+ + t˜jj′αj′−〉j−,
(36)
where t˜jj′ = cosϑjj′ and r˜jj′ = sinϑjj′ are considered. It
is clear that we obtain t˜jj′ = 1 and r˜jj′ = 0 when nj′ =
nj . This special case means that the optical field travels
in a straight line in a homogeneous dielectric, without
refraction.
The normalized Fresnel coefficients are related to the
conventional Fresnel coefficients in a simple way,
t˜jj′ =
√
κj′
κj
tjj′ =
√
κj
κj′
t′jj′ , (37a)
r˜jj′ = rjj′ = −r′jj′ (37b)
for the coefficients tjj′ (t
′
jj′ ) related to the transmission
j+ → j′+ (j′− → j−) and rjj′ (r′jj′ ) related to the
reflection j+→ j− (j′− → j′+).
6B. Total reflection case
Another special case is when the optical field j comes
in at the critical angle
θc = sin
−1(nj′/nj) (38)
for nj > nj′ . This is the well-known total reflection case,
and the refraction angle is θj′ = pi/2. This means that
the lateral component of the wave vector in area j′ van-
ishes as κj′ = 0. In this case, we can easily calculate
t˜jj′ = 0 and r˜jj′ = 1 from Eqs. (32a) and (32b). When
θc < θ < pi/2, the refraction angle is mathematically
shown as θj′ = pi/2 − iϕj′ with a real number ϕj′ [17].
We then have
κj′ = nj′k0 cos θj′ = inj′k0 sinhϕj′ ≡ iγj′ . (39)
The real and imaginary part of the wave vector is related
to the wave number and effective loss, respectively [18],
and Eq. (39) shows that the wave number along the x-
direction is zero in area j′. This means that we can also
regard κj′ as zero in Eqs. (32a) and (32b) and again we
find the total reflection case.
So far, according to the present model, no optical field
exists in the area j′ because it is totally reflected at the
interface. In practice, however, a certain amount of the
optical field, as far as the wavelength distance, can leak
in to area j′. This leakage is referred to as the evanes-
cent field [2] and we can clarify it using the uncertainty
relation. As stated above, for the total reflection case,
the incident angle satisfies the inequality θc ≤ θj < pi/2.
The inequality is reduced to
0 < κj ≤ κc = njk0 cos θc (40)
with an x-component of the wave vector in area j. This
inequality (40) shows that the totally reflected optical
field displays a fluctuation ∆κj = κc. Using de Broglie’s
relation,
∆px = h¯∆κj = k0
√
n2j − n2j′ , (41)
where Eq. (38) is also considered. From the uncertainty
relation,
∆qx ≃ h¯
∆px
=
λ0
2pinj
√
2∆r
, (42)
where λ0 = 2pi/k0 is the wave length of the optical field
in vacuum and
∆r =
n2j − n2j′
2n2j
(43)
is the relative index difference. Introducing nj = 1.45
and ∆r = 0.01 as typical parameters, we obtain ∆qx ≃
λ0/1.29. This result shows that the optical field can
proceed into the area prohibited by the total reflection
scheme, by the degree of a wavelength.
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FIG. 4. Step-index slab waveguide in a symmetric structure.
The core and cladding are divided into layers with a common
thickness ∆x representing the spatial dependence of the opti-
cal field. The optical field is chiefly confined in the core, but
part of it leaks to the cladding as an evanescent field.
IV. PROPAGATION OF THE OPTICAL FIELD
IN SLAB WAVEGUIDES
In the previous sections, we studied the propagation of
an optical field in a homogeneous dielectric and its be-
havior at an interface. By combining these procedures,
we can describe the behavior of optical fields in an inho-
mogeneous dielectric, such as waveguides.
A. Step-index slab waveguide
The simplest example is the step-index (SI) slab waveg-
uide. It consists of a homogeneous core and cladding,
with refractive indices of n1 and n2(< n1), respectively.
The waveguide propagates the optical field along the lon-
gitudinal direction and confines it within the cross sec-
tion. This mechanism is achieved by total (internal) re-
flection at the core-cladding interface.
A schematic of the SI slab waveguide is shown in Fig.
4. Here, a symmetrical structure, where refractive indices
of left- and right-side cladding are identical, is considered.
To represent the spatial dependence of the optical field
in the waveguide, the core and cladding are divided into
stacked layers, the thicknesses of which is denoted by ∆x.
The order of layers is distinguished by an index j, and
the jth layer is located in the range(
j − 1
2
)
∆x ≤ x ≤
(
j +
1
2
)
∆x. (44)
We assume that the core and cladding correspond to ar-
eas |j| ≤ m and m + 1 ≤ |j| ≤ M , respectively. We
introduce the center position of the jth layer as
xj = j∆x. (45)
Let the position of the core-cladding interface be x =
x±m±∆x/2 = ±d/2, where double-sign in same order is
7assumed. For convenience we refer to the left cladding,
core, and right cladding as areas (I), (II), and (III), re-
spectively.
The optical field in the cladding is distributed as an
evanescent field. The x-component of wave vector of
the evanescent field is given by an imaginary number as
shown in Eq. (39). This means that the wave vector
can be complex. Since the operator corresponding to the
electromagnetic field should be Hermitian, we introduce
the vector potential in the SI slab waveguide as
Aˆj =
√
h¯
2ωε0Vj
{
aˆ†j exp[i(ωt− k∗j · r)]
+aˆj exp[−i(ωt− kj · r)]
}
ey, (46)
with Vj = ∆x ·1 ·2pinz/β. The asterisk in Eq. (46) shows
the complex conjugate. This vector potential gives the
electromagnetic fields of a TE mode. In areas (I), (II),
and (III) wave vectors are given by
k
(I)
j = −iγex + βez, (47a)
k
(II)
j± = ±κex + βez, (47b)
k
(III)
j = iγex + βez , (47c)
respectively. It is clear that the absolute values of the
x-components of k
(I)
j and k
(III)
j are identical because
the structure of the waveguide is symmetrical and the
incident angles at the interfaces between the core and
cladding are identical. Optical fields with x-components
of ±κ are shown by a double-sign notation in k(II)j± . These
fields are spatially superposed resulting in a sinusoidal
distribution in the core. Note that, at the interface be-
tween adjacent layers, optical fields travel with no inter-
action because the core is assumed to be homogeneous
and the normalized Fresnel coefficient for the transmis-
sion is unity.
The vector potentials in areas (I), (II), and (III) are
defined as follows:
Aˆ
(I)
j =
√
h¯
2ωε0Vj
(U∗tzaˆ
(I)†
j + Utzaˆ
(I)
j ) exp(γx)ey
(−M ≤ j ≤ −m− 1), (48a)
Aˆ
(II)
j =
Aˆ
(II)
j+ + Aˆ
(II)
j−√
2
(−m ≤ j ≤ m), (48b)
Aˆ
(III)
j =
√
h¯
2ωε0Vj
(U∗tzaˆ
(III)†
j + Utzaˆ
(III)
j ) exp(−γx)ey
(m+ 1 ≤ j ≤M), (48c)
where Utz = exp[−i(ωt − βz)] is a temporal- and z-
dependence similar to Eq. (5) and
Aˆ
(II)
j± =
√
h¯
2ωε0Vj
[U∗tzaˆ
(II)†
j± exp(∓iκx)
+Utzaˆ
(II)
j± exp(±iκx)]ey (49)
with double-sign in same order. Here, aˆj± is the operator
for the optical field with the wave vector (47b). Similar
to Eqs. (4a) and (4b), the electromagnetic fields in each
area are calculated thus:
Eˆ
(I)
j = −i
√
h¯ω
2ε0Vj
(U∗tzaˆ
(I)†
j − Utzaˆ(I)j ) exp(γx)ey, (50a)
Eˆ
(II)
j =
Eˆ
(II)
j+ + Eˆ
(II)
j−√
2
, (50b)
Eˆ
(III)
j = −i
√
h¯ω
2ε0Vj
(U∗tzaˆ
(III)†
j − Utzaˆ(III)j ) exp(−γx)ey,
(50c)
Hˆ
(I)
j = −
i
µ0
√
h¯
2ωε0Vj
[−β(U∗tzaˆ(I)†j − Utzaˆ(I)j )ex
+iγ(U∗tzaˆ
(I)†
j + Utzaˆ
(I)
j )ez] exp(γx),(50d)
Hˆ
(II)
j =
Hˆ
(II)
j+ + Hˆ
(II)
j−√
2
, (50e)
Hˆ
(III)
j = −
i
µ0
√
h¯
2ωε0Vj
[−β(U∗tzaˆ(III)†j − Utzaˆ(III)j )ex
−iγ(U∗tzaˆ(III)†j + Utzaˆ(III)j )ez] exp(−γx),
(50f)
where
Eˆ
(II)
j± = −i
√
h¯ω
2ε0Vj
[U∗tzaˆ
(II)†
j± exp(∓iκx)
−Utzaˆ(II)j± exp(±iκx)]ey, (51a)
Hˆ
(II)
j± = −
i
µ0
√
h¯
2ωε0Vj
[U∗tzaˆ
(II)†
j± exp(∓iκx)
−Utzaˆ(II)j± exp(±iκx)](−βex ± κez)(51b)
with double-sign in same order.
Here we introduce a spatially-averaged operator in the
jth layer. For areas (I), (II), and (III), we have
c
(I)
j =
1
∆x
∫ (j+ 1
2
)∆x
(j− 1
2
)∆x
aˆ
(I)
j exp(γx)dx
≃ aˆ(I)j exp(γxj), (52a)
cˆ
(II)
j =
1
∆x
∫ (j+ 1
2
)∆x
(j− 1
2
)∆x
aˆ
(II)
j+ exp(iκx) + aˆ
(II)
j− exp(−iκx)√
2
dx
≃ aˆ
(II)
j+ exp(iκxj) + aˆ
(II)
j− exp(−iκxj)√
2
, (52b)
c
(III)
j =
1
∆x
∫ (j+ 1
2
)∆x
(j− 1
2
)∆x
aˆ
(III)
j exp(−γx)dx
≃ aˆ(III)j exp(−γxj) (52c)
with a small ∆x. In area (II) in particular, this spatially-
averaged operator characterizes a standing wave formed
8by the interference between the electric (magnetic) fields
Eˆ
(II)
j+ and Eˆ
(II)
j− (Hˆ
(II)
j+ and Hˆ
(II)
j+ ). It is obvious that the
spatially-averaged operator cˆ
(K)
j (K = I, II, III) satisfies a
commutation relation:
[cˆ
(I)
j , cˆ
(I)†
j ] = exp(2γxj), (53a)
[cˆ
(II)
j , cˆ
(II)†
j ] = 1, (53b)
[cˆ
(III)
j , cˆ
(III)†
j ] = exp(−2γxj). (53c)
The right-hand side of Eqs. (53a) and (53c) are not unity
because the optical fields in areas (I) and (III) are the
evanescent fields, respectively.
We can evaluate the number of photons in the jth layer
with spatially-averaged operators: Nˆ
(K)
j = cˆ
(K)†
j cˆ
(K)
j (K =
I, II, III). The momentum of the field in the area (K) is
calculated by the z-component of the Poynting vector for
a small ∆x [14].
Gˆ
(K)
j
∣∣∣
z
=
1
c2
∫
(Eˆ
(K)
j × Hˆ(K)j ) · ezdV
≃ h¯β
2
(cˆ
(K)
j cˆ
(K)†
j + cˆ
(K)†
j cˆ
(K)
j ), (54)
where the above integration is calculated over the unit
volume of the jth layer Vj for a small ∆x. Using the
commutation relation, it is clear that energy flow in the
jth layer is proportional to the number of photons in the
jth layer. Total momentum in the waveguide is obtained
by
Gˆz =
M∑
j=−M
Gˆ
(K)
j
∣∣∣
z
. (55)
This operator is related to the energy flow along the z-
direction and is discussed later.
Let us consider the expectation values of electromag-
netic fields. In the present scheme, we assume that the
field is in a coherent state over the complete cross-section
of the optical waveguide. This assumption is valid be-
cause the distribution of the electromagnetic field is static
in cross-section in SI optical waveguides. The total state
of the optical field is described as
|α〉 =
M⊗
j=−M
|α(K)j 〉j , (56)
where K = I for −M ≤ j ≤ −m−1, K = II for −m ≤ j ≤
m, and K = III for m + 1 ≤ j ≤ M . Note that, in area
(II), we should distinguish optical fields with wave vectors
k
(II)
j± as different spatial modes, then we have |α(II)j 〉j =
|α(II)j+ 〉j+ ⊗ |α(II)j− 〉j−.
Also, we introduce eigenvalues for coherent state opti-
cal field operator. For each area,
aˆ
(K)
j |α(K)j 〉j = α(K)j |α(K)j 〉j (K = I, III), (57a)
aˆ
(II)
j± |α(II)j± 〉j± = α(II)j± |α(II)j± 〉j± (57b)
with double-sign in same order. We can obtain expecta-
tion values of electromagnetic fields in the jth layer as
follows for K = I, II, III:
E
(K)
j = j〈α(K)j |Eˆ(K)j |α(K)j 〉j , (58a)
H
(K)
j = j〈α(K)j |Hˆ(K)j |α(K)j 〉j . (58b)
From the continuity of the electromagnetic fields, we
can find the relation between the eigenvalues of adjacent
layers in each area. At the interface between (j−1)th and
jth layers in area (II), for example, we have E
(II)
j−1(xj−1+
∆x/2) = E
(II)
j (xj−1 + ∆x/2) for −m + 1 ≤ j ≤ m.
This results in α
(II)
(j−1)± = α
(II)
j± . It shows that eigenvalues
are the same over all of area (II). In other words, they
are independent of j. Let α
(II)
j+ and α
(II)
j− be α
(II)
+ and
α
(II)
− . Similarly, eigenvalues in areas (I) and (III) are
also independent of j, and we introduce them as α(I) and
α(III), respectively.
Eigenvalues in area (II) correspond to the superposi-
tion weighting coefficients found in classical waveguide
optics. We obtain TE even and odd modes for cases of
α
(II)
+ = α
(II)
− = α
(II)
even and α
(II)
+ = −α(II)− = α(II)odd, respec-
tively. Using these symbols, we can write eigenvalues of
cˆ
(K)
j for K = I, II, III as follows:
cˆ
(I)
j |α(I)j 〉j = exp(γxj)α(I)|α(I)j 〉j , (59a)
cˆ
(II)
j |α(II)j 〉j =


√
2α
(II)
even cosκxj |α(II)j 〉j
(TE even mode)√
2iα
(II)
odd sinκxj |α(II)j 〉j
(TE odd mode)
,(59b)
cˆ
(III)
j |α(III)j 〉j = exp(−γxj)α(III)|α(III)j 〉j . (59c)
With the above relations, we have
j〈α(I)j |cˆ(I)†j cˆ(I)j |α(I)j 〉j =
∣∣∣α(I)∣∣∣2 exp(2γxj), (60a)
j〈α(II)j |cˆ(II)†j cˆ(II)j |α(II)j 〉j =


2
∣∣∣α(II)even∣∣∣2 cos2 κxj
(TE even mode)
2
∣∣∣α(II)odd∣∣∣2 sin2 κxj
(TE odd mode)
,
(60b)
〈α(III)j |cˆ(III)†j cˆ(II)j |α(III)j 〉j =
∣∣∣α(III)∣∣∣2 exp(−2γxj), (60c)
which gives the mean number of photons in the jth layer.
These values are related to the probability of existence
of a photon in the jth layer when the amplitude of the
coherent state is small such as |α| < 1.
Eigenvalues α(I), α
(II)
even (α
(II)
odd), and α
(III) are associ-
ated with each other through continuity condition of the
tangential components of the electric or magnetic fields
at the interfaces between areas (I)-(II) (x = −d/2) and
(II)-(III) (x = d/2), respectively. From these conditions,
9similar to classical waveguide optics, we find that the
eigenvalues are related (see Appendix C):
α(I)
α
(II)
even
=
α(III)
α
(II)
even
=
√
2 exp
(
γd
2
)
cos
κd
2
(TE even mode), (61a)
− α
(I)
α
(II)
odd
=
α(III)
α
(II)
odd
=
√
2i exp
(
γd
2
)
sin
κd
2
(TE odd mode). (61b)
The eigenvalue α
(II)
even or α
(II)
odd should be determined
through normalization. This condition is related to the
amount of total energy in the waveguide. Energy flow of
the optical field is obtained from the expectation value
of Eq. (55).
S = c2〈α|Gˆz |α〉. (62)
Then α(I) and α(III) can be determined with Eqs. (61a)
and (61b), respectively.
Using eigenvalues, the spatially-averaged electric field
in the jth layer is calculated.
E
(K)
j =
1
∆x
∫ (j+ 1
2
)∆x
(j− 1
2
)∆x
E
(K)
j dx (K = I, II, or III). (63)
Distinct representations are obtained for a small ∆x as
follows:
E
(I)
j ≃ −i
√
h¯ω
2ε0Vj
(U∗tzα
(I)∗ − Utzα(I)) exp(γxj)ey,(64a)
E
(II)
j ≃


−i
√
h¯ω
ε0Vj
(U∗tzα
(II)∗
even − Utzα(II)even) cosκxjey
(TE even mode)
−
√
h¯ω
ε0Vj
(U∗tzα
(II)∗
odd + Utzα
(II)
odd) sinκxjey
(TE odd mode)
,
(64b)
E
(III)
j ≃ −i
√
h¯ω
2ε0Vj
(U∗tzα
(III)∗ − Utzα(III)) exp(−γxj)ey.
(64c)
In area (II), the electric fields Eˆ
(II)
j+ and Eˆ
(II)
j− interfere
with each other and we find that sinusoidal distributions
appear for both TE even and odd modes as a result.
The spatially-averaged magnetic field is similarly cal-
culated.
H
(K)
j =
1
∆x
∫ (j+ 1
2
)∆x
(j− 1
2
)∆x
H
(K)
j dx (K = I, II, or III),
(65)
and
H
(I)
j ≃ −
i
µ0
√
h¯
2ωε0Vj
[−β(U∗tzα(I)∗ − Utzα(I))ex
+iγ(U∗tzα
(I)∗ + Utzα
(I))ez ] exp(γxj), (66a)
H
(II)
j ≃


− i
µ0
√
h¯
ωε0Vj
×[−β(U∗tzα(II)∗even − Utzα(II)even) cosκxjex
−iκ(U∗tzα(II)∗even + Utzα(II)even) sinκxjez]
(TE even mode)
− i
µ0
√
h¯
ωε0Vj
×[iβ(U∗tzα(II)∗odd + Utzα(II)odd) sinκxjex
+κ(U∗tzα
(II)∗
odd − Utzα(II)odd) cosκxjez]
(TE odd mode)
,
(66b)
H
(III)
j ≃ −
i
µ0
√
h¯
2ωε0Vj
[−β(U∗tzα(III)∗ − Utzα(III))ex
−iγ(U∗tzα(III)∗ + Utzα(III))ez ] exp(−γxj).
(66c)
The representations obtained here characterize the quan-
tum properties of the optical field. For a certain amount
of amplitude in the coherent state, however, they are con-
sistent with representations in classical waveguide optics.
From the continuity conditions an equation that gives
the propagation constant β is also derived for TE even
and odd modes (see Appendix C):
γ =


κ tan
κd
2
(TE even mode)
−κ cot κd
2
(TE odd mode)
. (67)
Since the propagation constant β is mathematically the
eigenvalue of a wave equation [2], the above equation (67)
is referred to as the eigenvalue equation in waveguide
optics. Note that the eigenvalue here should be distin-
guished from eigenvalues for the coherent state in Eqs.
(57a) and (57b). Since both κ and γ are functions of β,
Eq. (67) is a transcendental equation with respect to β.
This is also consistent with classical waveguide optics.
B. Graded-index slab waveguide
Another interesting example is the graded-index (GI)
slab waveguide. The propagation properties of GI slab
waveguides have often been studied within geometric op-
tics [2]. Here we investigate it using the quantum-optical
method.
A schematic of the GI slab waveguide is shown in Fig.
5. In contrast to the SI case, the refractive index of the
core is dependent upon the position in the cross-section.
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FIG. 5. Graded-index slab waveguide in a symmetric struc-
ture. A power-law profile of the refractive index is considered.
The core is divided into layers to represent the spatial depen-
dence of the optical field. The optical field is supposed to
enter at the jth layer with the incident angle θin (here, j = 0
is indicated). The optical field travels with a trajectory.
We assume that the optical field travels in the core, with-
out leakage to the cladding. Let us consider a power-law
profile:
n(x) = n1
√
1− (g|x|)q, (68)
where n1 is a refractive index at the center of the core,
and g = 2
√
2∆r/d is referred to as a focusing constant.
The width of the core is denoted by d. The parame-
ter q characterizes the shape of the index distribution.
Here, we study the case when q = 2, the parabolic index
waveguide that is important for optical communications
[19].
The core is divided into layers with a common thick-
ness ∆x, similar to the SI case. In the present quan-
tum scheme this multi-layer division enables us to take
account not only of variations in refractive index, but
also of the spatial dependence of the optical field. Lay-
ers are identified by the index j, and the center posi-
tion of the jth layer is xj = j∆x, similar to the SI
case. The refractive index of the jth layer is repre-
sented by nj ≡ n(xj). The electromagnetic field and
the state of the optical fields in the jth layer are denoted
by Eˆj±, Hˆj± and |αj±〉j±, respectively. Note here that
optical fields with a wave vector consisting of positive
and negative x-components are distinguished by the no-
tation j±. As discussed later, the field is transmitted
with no attenuation, and we can write the amplitude of
the coherent state as a value independent of the spatial
index j, that is, αj+ ≡ α.
Again we consider a TE mode; the state of optical field
is initially in the jth layer at an angle θin with respect to
the x-axis. We assume that the x-component of the wave
vector is positive and the initial state is denoted by |α〉j+.
Let the wave vector in the jth layer be kj± = κjex±βez.
The corresponding electromagnetic fields are represented
by
Eˆj± = −i
√
h¯ω
2ε0Vj
[U∗tzaˆ
†
j± exp(∓iκjx)
−Utzaˆj± exp(±iκjx)]ey , (69a)
Hˆj± = − i
µ0
√
h¯
2ωε0Vj
[U∗tzaˆ
†
j± exp(∓iκjx)
−Utzaˆj± exp(±iκjx)](−βex ± κez)(69b)
with double-sign in same order. Classical electromag-
netic fields correspond to expectation values when in a
coherent state.
States of optical fields in adjacent layers are related
to each other by normalized Fresnel coefficients. Initial
state |α〉j+ enters the interface between the jth and (j+
1)th layers. After passing the interface, the state of the
optical field becomes
Uˆj,(j+1)|α〉j+|0〉(j+1)− = |t˜j,(j+1)α〉(j+1)+| − r˜j,(j+1)α〉j−,
(70)
where
Uˆj,(j+1) = exp[ϑj,(j+1)(aˆ†j+aˆ(j+1)− − aˆj+aˆ†(j+1)−)] (71)
is a unitary operator and tanϑj,(j+1) = r˜j,(j+1)/t˜j,(j+1)
(see Appendix B). We find that reflection disappears at
the refractive index limit, varying continuously because
r˜j,(j+1) ∝ κj − κj+1 =
n21k
2
0g
2(2j + 1)
2
√
n21k
2
0 − β2
∆x2 → 0 (72)
as ∆x→ 0. Here an approximation
κj ≃
√
n21k
2
0 − β2
[
1− n
2
1k
2
0g
2
2(n21k
2
0 − β2)
x2j
]
(73)
is considered. It means that the reflection of the opti-
cal field is negligible. Thus the optical field is totally
transmitted with a refraction: |α〉j+ → |α〉(j+1)+. Simi-
lar procedures are repeated at the subsequent interfaces.
The transmitted field travels according to Snell’s law.
The optical field is totally reflected when the incident
angle becomes larger than the critical angle θc. This
point is referred to as the turning point [2]. We assume
that total reflection occurs when the optical field enters
the layer where j = t: |α〉t+ → |α〉t−. Calculating ex-
pectation values of Eqs. (69a) and (69b) with a coherent
state in each layer, we obtain electromagnetic fields that
correspond to those in classical waveguide optics.
In the GI case, the optical field travels with a
sinusoidal-like trajectory. This means that the optical
field is not static in the cross-section, different from the
SI case. An evanescent field is also generated at the turn-
ing points. However, it is small compared with the am-
plitude of trajectory of the optical field and is neglected
here.
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FIG. 6. Trajectories of optical fields in the GI waveguide.
Here q = 2 is used for the power-law profile in Eq. (68).
Parameters are assumed to be ∆x = 0.1 µm, n1 = 1.45, and
g = 5.66 m−1. Trajectories of initial angles θin = 84
◦, 86◦,
and 88◦ are drawn as sinusoidal-like curves.
As a consequence, the optical field in the GI slab
waveguide travels with a periodic trajectory. In Fig. 6,
trajectories of optical fields in the GI slab waveguide are
shown. The initial state of the optical field is assumed to
be |α〉0+, and the thickness of each layer ∆x = 0.1 µm.
Other parameters are as follows: n1 = 1.45 and g =
5.66× 103m−1; typical values for optical communication.
Here the initial angles θin = 84
◦, 86◦, and 88◦ are studied.
The results show that optical fields travel with sinusoidal-
like trajectories with periods in phase with each other.
These quantum optics results are consistent with classi-
cal waveguide optics [2].
V. SUMMARY
We studied the propagation of an optical field in a di-
electric from the perspective of quantum optics. We con-
sidered an interaction Hamiltonian between the optical
field and an atom, and introduced the refractive index
with the interaction Hamiltonian. We derived normal-
ized Fresnel coefficients at an interface between different
materials, and showed that they are related to the beam
splitter operator. We also showed that, even for total
reflection case, the evanescent field can exist outside of a
reflection surface by a wavelength degree, with due con-
sideration of the uncertainty relation.
We then studied the propagation properties of the op-
tical fields in slab waveguides also using a viewpoint of
quantum optics. A multi-layer division method was em-
ployed to represent the spatial dependence of the optical
field in an inhomogeneous structure. For the step-index
slab waveguide, we introduced spatially-averaged oper-
ators for static electromagnetic fields, and from them,
we can evaluate the number of photons in each layer.
The eigenvalue equation was derived in a similar way
to classical waveguide optics. For the graded-index slab
waveguide, we considered a power-law profile of the re-
fractive index. We showed that optical fields travels with
a sinusoidal-like trajectory, similar to those in classical
waveguide optics.
When the coherent state shows high amplitude the
results obtained here are reduced to those of classical
waveguide optics. By contrast, for small amplitudes, the
quantum properties of optical fields in waveguides can be
determined with the present scheme.
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Appendix A: Derivation of Eq. (15)
The interaction Hamiltonian between optical fields and
an atom in a cavity was discussed in [20]. A similar
procedure is valid for the present case, and we review it
in the following:
We assume that the electric dipole approximation can
be applied to the present model, and that the interaction
Hamiltonian in the Schro¨dinger picture is, under the ro-
tating wave approximation, given by
Vˆ =
√
2ih¯g(Aˆσˆ+ − Aˆ†σˆ−), (A1)
where
g =
√
ω
2h¯ε0V
℘eg · e (A2)
is the coupling constant. Here ℘eg and e are the electric
dipole transition matrix element and a vector parallel to
polarization direction, respectively. The operator
Aˆ =
aˆp + aˆs√
2
(A3)
and its Hermitian conjugate satisfy a commutation rela-
tion,
[Aˆ, Aˆ†] = 1. (A4)
In the interaction picture, we have
VˆI(t) = exp
(
i
Hˆ0
h¯
t
)
Vˆ exp
(
−iHˆ0
h¯
t
)
=
√
2ih¯g
[
Aˆσˆ+ exp(i∆ωt)− Aˆ†σˆ− exp(−i∆ωt)
]
.
(A5)
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The time-development operator is calculated as
UˆI(t) ≃ 1ˆ− i
h¯
∫ t
0
dt′VˆI(t′)
− 1
h¯2
∫ t
0
dt′VˆI(t′)
∫ t′
0
dt′′VˆI(t′′)
≃ 1ˆ− 2i g
2
∆ω
[Aˆσˆ+, Aˆ
†σˆ−]t
≃ exp
(
−iHˆ
′
eff
h¯
t
)
, (A6)
where
Hˆ′eff = 2h¯χ(σˆ+σˆ− + Aˆ†Aˆσz) (A7)
and we introduce
χ = g2/∆ω. (A8)
In this calculation, the first integral is ignored as a small
value under the assumption that the mean excitation
〈Aˆ〉 ≈ (〈Aˆ†Aˆ〉)1/2 is not so large, that is,
∣∣∣ g
∆ω
√
Aˆ†Aˆ
∣∣∣≪ 1, (A9)
and terms proportional to (∆ω)−2 and any higher order
is also ignored.
The atomic state remains in the ground state |g〉a be-
fore and after the interaction, and we calculate the ex-
pectation value of Eq. (A7) with respect to the atomic
state.
a〈g|Hˆ′eff |g〉a = −h¯χ(aˆpaˆ†s + aˆ†paˆs
+aˆ†paˆp + aˆ
†
saˆs), (A10)
taking Eqs. (10a), (10b), (A3), and σ−|g〉a = 0 into
account. Since the third and fourth terms on the right
hand side of Eq. (A10) are adequately small compared
with the free Hamiltonian (6) and they can be ignored,
then we obtain the effective interaction Hamiltonian (15).
Assuming that the optical fields and atom interact dur-
ing ∆τ , we have the time evolution from the initial state
to the final one,
a〈g|UˆI(∆τ)|g〉a = exp
(
−iHˆeff
h¯
∆τ
)
, (A11)
which appears in Eq. (16).
Appendix B: Beam splitter operator
We introduce a unitary operator:
Uˆjj′ = exp[iϑ(aˆj aˆ†j′ + aˆ†j aˆj′)], (B1)
where ϑ is a real parameter. Using this operator, we find
that operators aˆj and aˆj′ are transformed into [12]
Uˆjj′ aˆjUˆ†jj′ = aˆj cosϑ− iaˆj′ sinϑ, (B2)
Uˆjj′ aˆj′ Uˆ†jj′ = −iaˆj sinϑ+ aˆj′ cosϑ. (B3)
Two coherent states |α〉j and |α′〉j′ are combined by mul-
tiplying them by the operator (B1) because
Uˆjj′ |α〉j |α′〉j′
= Uˆjj′ Dˆj(α)Uˆ†jj′ Uˆjj′Dˆj′(α′)Uˆ†jj′ |0〉
= Dˆj(α cosϑ)Dˆj(iα
′ sinϑ)
×Dˆj′(iα sinϑ)Dˆj′ (α′ cosϑ)|0〉
= Dˆj(α cosϑ+ iα
′ sinϑ)
×Dˆj′(iα sinϑ+ α′ cosϑ)|0〉
= |α cosϑ+ iα′ sinϑ〉j |iα sinϑ+ α′ cosϑ〉j′ , (B4)
where Dˆj(α) = exp(αaˆ
†
j − α∗aˆj) is the displacement op-
erator, and the relations (B2), (B3) and their Hermitian
conjugates are considered. Here, the Baker-Hausdorff
formula [14] and Uˆjj′ |0〉 = |0〉 are also considered.
By replacing aˆj′ with −iaˆj′ , we obtain another unitary
operator:
Uˆ ′jj′ = exp[ϑ(aˆ†j aˆj′ − aˆjaˆ†j′ )]. (B5)
The annihilation operators and coherent states are simi-
larly transformed into
Uˆ ′jj′ aˆjUˆ ′†jj′ = aˆj cosϑ− aˆj′ sinϑ, (B6)
Uˆ ′jj′ aˆj′ Uˆ ′†jj′ = aˆj sinϑ+ aˆj′ cosϑ. (B7)
Uˆ ′jj′ |α〉j |α′〉j′ = |α cosϑ+ α′ sinϑ〉j
⊗| − α sinϑ+ α′ cosϑ〉j′ (B8)
with the operator (B5).
We can see from Eqs. (B4) or (B8) that the optical
fields of modes j and j′ are combined with Uˆjj′ or Uˆ ′jj′ .
These operations physically correspond to a beam split-
ter.
Appendix C: Derivation of Eqs. (61) and (67)
Here we derive relations betweeng eigenvalues of coher-
ent states in areas (I), (II), and (III), and the eigenvalue
equation from the continuity condition of the electromag-
netic fields. Note that optical fields are totally reflected
at interfaces between (I)-(II) and (II)-(III) and that there
are evanescent fields in areas (I) and (III) in the step-
index guiding case. The x-component of Poynting vector
is calculated as a pure imaginary number, and it is not
observable quantity. This means that energy flow from
the core to cladding does not exist. Thus, normalization
of the electromagnetic fields such as in Eq. (30) is not
necessary.
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For the TE even mode, for example, continuity condi-
tions of the electromagnetic fields are
α(I) exp
(
−γd
2
)
=
√
2α(II)even cos
κd
2
= α(III) exp
(
−γd
2
)
, (C1a)
γα(I) exp
(
−γd
2
)
=
√
2κα(II)even sin
κd
2
= γα(III) exp
(
−γd
2
)
. (C1b)
From Eq. (C1a), eigenvalues are related as in Eq. (61a).
The condition (C1) is, in a matrix form, reduced to

 exp
(
− γd2
)
−√2 cos κd2
γ exp
(
− γd2
)
−√2κ sin κd2

( α(I)
α
(II)
even
)
= 0. (C2)
For a non-trivial solution, the determinant of the coeffi-
cient matrix should be zero, and we obtain the eigenvalue
equation for the TE even mode in Eq. (67). A similar
procedure is applicable for the TE odd mode.
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